Moreover, for each element J in I(A), the pairs ( J , J ⊥ ), ( J , J ⊥⊥ ) and ( J ⊥ , J ⊥⊥ ) are compatible.
Furthermore, in [13] , it was shown that if J is Peirce and K is compatible with J then K is also compatible with J ⊥ .
A pair (U , W ) of elements of the complete lattice I(A) of weak * -closed inner ideals in the JBW * -triple A which give rise to the Peirce decompositions,
is said to be orthogonal if U 2 is contained in W 0 or, equivalently, if W 2 is contained in U 0 . The results of [15] and [45] show that, an orthogonal pair (U , W ) of Peirce inner ideals is compatible and that the supremum U ∨ W is a Peirce inner ideal, giving rise to the Peirce decomposition
. (1.8) Moreover, any element of I(A) compatible with U and W is compatible with U ∨ W .
A pair (U , V ) of elements of I(A) which give rise to the Peirce decompositions,
is said to be rigidly collinear if U 2 is contained in V 1 and V 2 is contained in U 1 . The results of [14] show that, provided that U and V are Peirce inner ideals, (U , V ) forms a compatible pair and the supremum U ∨ V gives rise to the Peirce decomposition
(1.9)
Moreover, any element of I(A) compatible with U and V is compatible with U ∨ W . This paper is concerned with a triple (U , V , W ) of Peirce inner ideals in the JBW * -triple A which are 'in general position'. That is to say that (U , V ) is a rigidly collinear pair and both (U , W ) and (V , W ) are orthogonal pairs. An attempt is made to identify the supremum U ∨ V ∨ W in the complete lattice I(A). It is clear from (1.9) that, for such a triple (U , V , W ), the pair (U ∨ V , W ) is orthogonal. At first sight, it may appear that the solution to the problem is given by (1.8) with U ∨ V replacing U . However, this argument assumes that U ∨ V is a Peirce inner ideal which is not always true. For example, when A is the bi-Cayley triple M 1,2 (O) of 1 × 2 matrices over the complex octonions O and u and v are minimal collinear tripotents in A, the inner ideals Cu and Cv are rigidly collinear Peirce inner ideals, but the inner ideal Cu ⊕ Cv is not Peirce [25, 29] . The problem is, of course, easily solved when A is a JBW * -triple all of the weak * -closed inner ideals of which are Peirce, an example of which is a W * -algebra. The solution to the general problem turns out to be much more complicated than it might initially appear.
The main result of the paper was first proved in [18] for a special class of Peirce weak * -closed inner ideals, namely the Peirce-two spaces corresponding to tripotents. However, the theorem that is proved in this paper should not be thought of as providing a new proof of the theorem in [18] , since the much more general theorem proved here depends crucially on the main result of [18] that every weak * -closed inner ideal in a JBW * -triple is the range of a structural projection.
It should be remarked that the terminology 'in general position' must not be confused with that of three closed subspaces of a Hilbert space lying 'in generic position'. In fact when A is a complex Hilbert space, which is an example of a JBW * -triple, the triple (U , V , W ) of closed subspaces, which are themselves Peirce inner ideals, are 'in general position' if and only if W is equal to {0} and U and V are orthogonal in the Hilbert space sense.
The paper is organised as follows. In Section 2 definitions are given, notation is established, and certain preliminary results are described. Section 3 is devoted to a discussion of the central structure of the complete lattice I(A), whilst, in Section 4, a series of lemmas lead to the proof of the main result. In the final section, various consequences of the result are given and the example which shows that the main theorem is the best possible is described in detail.
Preliminaries
A complex vector space A equipped with a triple product (a, b, c) → {a b c} from A × A × A to A which is symmetric and linear in the first and third variables, conjugate linear in the second variable and, for elements a, b, c, and d in A, satisfies the identity For details about the properties of Jordan * -triples the reader is referred to [43] . 
is said to be a JB * -triple. A subspace J of a JB * -triple A is said to be a subtriple if { J J J} is contained in J , and is said to be an inner ideal if { J A J} is contained in J . Every norm-closed subtriple of a JB * -triple A is a JB * -triple [39] . A JB * -triple A which is the dual of a Banach space A * is said to be a JBW * -triple. In this case the predual A * of A is unique and, for all elements a and b in A, the operators D(a, b) and Q (a) are weak * continuous. It follows that a weak * -closed subtriple B of a JBW * -triple A is a JBW * -triple. Examples of JB * -triples are JB * -algebras and examples of JBW * -triples are JBW * -algebras. The second dual A * * of a JB * -triple A is a JBW * -triple. For details of these results the reader is referred to [3, 4, 10, 11, 34, [38] [39] [40] 50, 51] . A pair a and b of elements in a JBW * -triple A is said to be orthogonal when D(a, b) is equal to zero. By [24, Lemma 3.1] , it follows that orthogonality is a symmetric relation. For a subset L of A, denote by L ⊥ the subset which consists of all elements in A which are orthogonal to all elements in L. The subset L ⊥ is said to be the annihilator of L. By [24 For each non-empty subset J of the JBW * -triple A, the kernel Ker( J ) of J is the weak * -closed subspace of elements a in A for which { J a J} is equal to {0}. It follows that the annihilator J ⊥ of J is contained in Ker( J ) and that J ∩ Ker( J ) is contained in {0}. A subtriple J of A is said to be complemented [23] if A coincides with J ⊕ Ker( J ). It can easily be seen that every complemented subtriple is a weak * -closed inner ideal. A linear projection P on the JBW * -triple A is said to be a structural projection [44] if, for each element a in A, P Q (a)P = Q (Pa). ( 
2.2)
The main results of [18, 22, 23] show that the range P A of a structural projection P is a complemented subtriple, that the kernel ker P of the map P coincides with Ker(P A), that every structural projection is contractive and weak * -continuous, and, most significantly, that every weak * -closed inner ideal is complemented.
Let I(A) denote the complete lattice of weak * -closed inner ideals in the JBW * -triple A and let S(A) denote the set of structural projections on A. The results of [18] can be used to show that the set S(A) of structural projections on A is a complete lattice with respect to the ordering defined, for elements R 1 and R 2 , by R 1 R 2 if R 2 R 1 is equal to R 1 and the mapping R → R A is an order isomorphism from S(A) onto the complete lattice I(A) of weak * -closed inner ideals in A.
Central structure
For any complex Banach space A, a linear projection S on A is said to be an M-projection if, for each element a in A,
A closed subspace which is the range of an M-projection is said to be an M-summand of A, and A is said to be equal to the M-sum
of the M-summands S A and (id A − S) A. For details the reader is referred to [1, 2, 8, 9] . A subspace J of a JB * -triple A is said to be an ideal if {A A J} and {A J A} are contained in J . A structural projection P 2 (I) on the JBW * -triple A which commutes with every structural projection on A is said to be
central.
The proof of the following result can be found by referring to [7, 12, 27] . 
The proofs of the following two lemmas can be found in [16, 26, 27] . 
A weak * -closed inner ideal J in the JBW * -triple A is said to be faithful if its central kernel k( J ) is equal to {0}. The main result of [28] shows that a weak * -closed inner ideal J has a unique orthogonal decomposition into a weak * -closed ideal and a faithful weak * -closed inner ideal given by
The proof of the following non-trivial result can be found in [45] . 
otherwise.
When (U , V ) is a rigidly collinear pair of weak * -closed inner ideals in the JBW * -triple A, their central structure is described in the following result, the proof of which can be found in [14] . 
General position
Let A be a JBW 
closed inner ideals in A forms a compatible family, and any weak * -closed inner ideal in A compatible with U and V is compatible with all members of the family.
(ii) The smallest weak * -closed inner ideal U ∨ W containing U and W is the subspace 
which is a Peirce inner ideal in A, the Peirce decomposition of A corresponding to U ∨ W is given by
A = (U ∨ W ) 2 ⊕ (U ∨ W ) 1 ⊕ (U ∨ W ) 0 = (U 2 ⊕ U 1 ∩ W 1 ⊕ W 2 ) ⊕ (U 1 ∩ W 0 ⊕ U 0 ∩ W 1 ) ⊕ (U 0 ∩ W 0 ), (4.3) the set {U , W , U ∨ W , U ⊥ , W ⊥ , U ⊥⊥ , W ⊥⊥ , U ⊥⊥ ∩ U 1 , W ⊥⊥ ∩ W 1 , (U ∨ W ) ⊥ , (U ∨ W ) ⊥⊥ , (U ∨ W ) ⊥⊥ ∩ (U ∨ W ) 1 } of(iii) The set {U , V , W , U ∨ V , U ∨ W , V ∨ W } forms
Proof. (i) The form of the Peirce decomposition corresponding to
where it is also shown that the Peirce projections corresponding to the weak * -closed inner ideal
Since, by [14, Theorem 3.4] , (U , V ) forms a compatible pair it follows that the projections P 2 (U ),
, and P 0 (V ) form a commuting family. Observe that, by [13, Lemma 4.1] and [14, Theorem 3.5] , the Peirce projections corresponding to all the weak * -closed inner ideals in the given set consist of linear combinations of products of
, and P 0 (V ) and central structural projections and, therefore, form a commuting family. It follows that the given set forms a compatible family. Furthermore, if J is a weak * -closed inner ideal compatible with U and V then the projections P 2 ( J ), P 1 ( J ), and P 0 ( J ) commute with any linear combination of products of
and central structural projections. Since, from above, the Peirce projections of all the weak * -closed inner ideals in the given set have this property, the proof is complete.
(ii) 
and the problem is solved. Unfortunately, it is not always the case that U ∨ V is Peirce.
In order to continue the analysis of the weak * -inner ideal U ∨ V ∨ W in the general situation, in the interests of brevity, the following notation will be employed. For j, k, and l equal to 0, 1, or 2, the weak * -closed subtriple A jkl of A is defined by
Observe that 5) and, for j, k, and l equal to 0, 1, or 2,
A jkl .
Since it is the case that, in general, the weak * -closed inner ideals U ∨ V , U ∨ W , and V ∨ W are all contained in the weak * -closed inner ideal U ∨ V ∨ W , it follows from (4.1)-(4.7) that the weak * -closed The first result follows from the linearity and weak * -continuity of the triple product and the second and third results are proved in a similar manner. 2
The following lemma, which is not, of course, the most general possible, is sufficient to satisfy the needs of this paper. 4.2, let j 1 , j 2 , j 3 , k 1 , k 2 , k 3 , l 1 , l 2 , and l 3 be equal to 0, 1, or 2 and such that, for n equal to 1, 2, or 3, j n − k n + l n is equal to 0, 1, or 2. Then, the weak * -closed subspace
Lemma 4.5. Under the conditions of Lemma
Proof. Since U k 1 , V k 2 , and W k 3 are contained in c (U k 1 ), c(V k 2 ), and c(W k 3 ) , respectively, and, since
is a weak * -closed ideal in A, using (1.4) it can be seen that Observe that, by (2.1) and Lemma 3.1, By the linearity and weak * -continuity of the triple product it follows from (4.19) that
and, hence, by Lemma 3.1, that lin{
The next three lemmas play a crucial part in the proof of the main theorem. Proof. Observe that, using (1.3)-(1.5), a straightforward calculation shows that each of the sixty-four triple products of the components of B of the form
is either zero or is contained in a component of B. Since each component of B is weak * -closed, it follows that B is a weak * -closed subtriple of A. 2
Let C be a weak * -closed subtriple of A. In discussing Peirce decompositions and central structure of subspaces of C relative to C the same symbols as those used for the same objects relative to A will be used but with the addition of a subscript C . For example, the central hull of a subspace L of C relative to C will be denoted by c C (L). Observe that in this case, since c(
Lemma 4.7. Under the conditions of Lemma 4.6, the weak * -closed inner ideal W , which is equal to A 002 , is a Peirce inner ideal in the JBW * -triple B, the corresponding Peirce decomposition of B being given by
Proof. Since W is a weak * -closed inner ideal in A that is contained in the subtriple B, it follows that W is a weak * -closed inner ideal in B. Then, using the compatibility of the triple (U , V , W ) and Lemma 4.1(ii), This completes the proof of the lemma. 2
The following result provides an important step in the proof of the main theorem. 
Therefore, applying Lemma 3.4, using (4.24)-(4.26) and Lemma 3.
Therefore, lin{ A 101 A 002 A 011 } w * is a weak * -closed ideal in A 110 , as required.
(ii) From Lemma 4.5 it can be seen that lin{ A 120 A 111 A 101 } w * is a weak * -closed ideal in the 
(4.27)
Let P 0 (V ) be the weak * -continuous structural projection onto the weak * -closed inner ideal V 0 . Then, observe that, by (2.2),
By the linearity and weak * -continuity of the projection P 0 (V ), it follows from (4.27)-(4.28) that 
It is now possible to prove the main result of the paper. 
of A, and, for j, k, and l equal to 0, 1, or 2, let It therefore remains to prove that the weak * -closed subspace I is an inner ideal in A.
Observe that, using Lemmas 4.1 and 4.7, the algebraic inner ideal property of the inner ideals This completes the proof of the theorem. 2
Examples and remarks
Recall that, in the special case in which the JBW * -triple A has the property that all of its weak * -closed inner ideals are Peirce, then, in Theorem 4.10, 
A is a JBW * -triple. For m and n equal to 1, 2, or 3, with m < n, for l equal to 1, These twenty-seven minimal tripotents form a basis for A. For details of these and related results see [46, 48, 49] . Let the Peirce inner ideals U , V , and W in A be defined by U = Ce 
Then, the Peirce zero and one spaces corresponding to U , V , and W , are given by A consequence of (5.14), (5.17) , and (5.18) is that, in Theorem 4.10, none of the conditions (5.2) is redundant and, therefore, that the theorem gives the best possible result.
